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INDEX BOUNDS FOR CHARACTER SUMS WITH 
POLYNOMIALS OVER FINITE FIELDS 

DAQING WAN AND QIANG WANG 


Abstract. We provide an index bound for character sums of polynomials over 
finite fields. This improves the Weil bound for high degree polynomials with small 
indices, as well as polynomials with large indices that are generated by cyclotomic 
mappings of small indices. As an application, we also give some general bounds 
for numbers of solutions of some Artin-Schreier equations and mininum weights 
of some cyclic codes. 


1. Introduction 

Let g{x) be a polynomial of degree n > 0 and i/j : F g —* C* be a nontrivial additive 
character. If g{x) is not of the form c + f p — f for some f(x) G ¥ q [x] and constant 
c G F 9 , then 


( 1 ) 


X&q 


< (n 




This is the case if the degree n is not divisible by p. The upper bound in Equation 
dH) is well known as the Weil bound. In 1996, Stepanov [8] stated the following 
problem for additive characters. 


Problem 1. Determine the class of polynomials g(x) G F 9 [x] of degree n, 1 < n < 
q — 1 for which the upper bound (DO) can be sharpened and the absolute value of the 
Weil sum can be estimated non-trivially for n > yjq + 1. 

It is well known that every polynomial g over ¥ q such that g( 0) = b has the 
form ax r f(x s ) + b with some positive integers r, s such that s \ (q — 1). There 
are different ways to choose r,s in the form ax r f(x s ) + b. However, in [I], the 
concept of the index of a polynomial over a finite held was first introduced and any 
non-constant polynomial g G Fjx] of degree n < q — 1 can be written uniquely as 
g{x) = a{x r f{x^ q ~ * l l^)) + b with index i defined below. Namely, write 

g(x) = a(x n + c i n _ h x n ~ n H-b a n _ ik x n ~ lk ) + b, 
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where a, ii n 0, j = 1,..., k. Let r be the lowest degree of x in g(x) — b. Then 
g(x) = a (x r /(x^ -1 ^^)) + b, where f(x) = x e ° + an-^x 51 + • • • + a n _j fc _ 1 ;r efc - 1 + a r , 

0 = _ ( 1 - 1 _, = g ~ 1 

gcd(n — r,n — r — i\,... ,n — r — ik-i, q — 1 ) s’ 

and gcd(e 0 , ei,..., efc_i, £) = 1. The integer £ = is called the index of g(x). 
In particular, when k — 0, we note that any polynomial ax r + b has the index 
£ = 1. From the above definition of index £, one can see that the greatest common 
divisor condition makes l minimal among those possible choices. The index of 
a polynomial is closely related to the concept of the least index of a cyclotomic 
mapping polynomial mm- Let 7 is a fixed primitive element of ¥ q . Let £\ (q — 1) 
and the set of all nonzero f'-th powers be C 0 . Then C 0 is a subgroup of F* of index 
i. The elements of the factor group F */C 0 are the cyclotomic cosets of index £ 

Ci 7*Co, i = 0,1, ■■■,£-!. 


For any a 0 ,ai, • • • , a^_ 1 G ¥ q and a positive integer r, the r-th order cyclotomic 
mapping ff Q ai ... of index l from ¥ q to itself (see Niederreiter and Winterhof in 
[ 6 ] for r = 1 or Wang 0) is defined by 


( 2 ) 


f 0 , if x = 0 ; 

| aj.x r , if x G Ci, 0 < i < i — 1. 


It is shown that r-th order cyclotomic mappings of index t produce the polyno¬ 
mials of the form x r f(x s ) where s = Indeed, the polynomial presentation is 
given by 


where £ = 7 s is a fixed primitive f?-th root of unity. On the other hand, as we 
mentioned earlier, each polynomial f(x) such that /(0) = 0 with index l can be 
written as x r /(a^ 9-1 ^), which is an r-th order cyclotomic mapping with the least 
index £ such that a* = f(C) for i — 0,... ,£— 1. Obviously, the index of a polynomial 
can be very small for a polynomial with large degree. 

The concept of index of polynomials over finite fields appears quite useful. Re¬ 
cently index approach was used to study permutation polynomials [jTO], as well as 
the upper bound of value sets of polynomials over finite fields when they are not 
permutation polynomials [5]. In this paper we first provide an index bound for 
character sums of arbitrary polynomials. 

Theorem 1.1. Let g{x ) = x r f(x^ q ~ 1 ^ e ) + b be any polynomial with index l. Let 
( be a primitive £-th root of unity and n 0 = ff{0 < i < £ — 1 | /(0) = 0}. Let 



i -1 

E 

i=0 




-J* 


x- 


js+r 
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ip : Fg —^ C* be a nontrivial additive character. Then 


( 3 ) 


J2*p(g(x)) - 


-■no 




< if- no) gcd(r, 


-)Vq- 


This implies that for many polynomials of large degree with small indices (for 
which the Weil bound becomes trivial), we have nontrivial bound for the character 
sum in terms of indices. 

Moreover, we note that many classes of polynomials with large indices i (e.g., 
i = q — 1 ) can be defined through cyclotomic cosets of smaller index d that is also 
a divisor of q — 1. Indeed, in [TO] , we studied a general class of polynomials of the 
form 


( 4 ) 


1 


d— 1 d— 1 


“ 1),d f i {x { - q - 1)/d )R i (x ), 

4 = 0 j= 0 


where ffix ) and Ri{x) are arbitrary polynomials for each 0 < i < d — 1 and f is a 
primitive d -th root of unity. Here we abuse the notation and let Co be a subgroup 
of F* with index d and C) = fi l Co, i — 0 ,..., d — 1 be all cyclotomic cosets of index 
d. Equivalently, g is defined by 


( 5 ) 


g(x) = 


o, 


if x = 0 ; 


a.iRi(x ), if x E Ci, 0 < i < d — 1, 


where a* = /i(0) for 0 < i < d — 1 and ( is a primitive d-th root of unity. Without 
loss of generality, we assume that each Ri(x) is a nonzero polynomial and fi(x) can 
be a zero polynomial. 

More generally, we obtain 

Theorem 1.2. Let d\ (q — 1) and g(x) E F 9 [af] be a polynomial defined by 


9{x) = 


0, 


ifx = 0 ; 


a.iRfix ), if x E Ci, 0 < i < d — 1, 


where ai E 0 ^ Rfix) E Fjx], Rfi 0) = 0, and Ci is the i-th cyclotomic coset of 
index d for 0 < i < d — 1. Let L={0<i<d — 1 | a* 7 ^ 0} and n 0 = d — \L\. If 
the degree ri of each nonzero polynomial Rfix) satisfies that gcd(rj,p) = 1 for each 
i E L and r = max{rj | i E L}, then we have 


( 6 ) 


xE¥ q ' 


<{d- n 0 )ry/q. 


Moreover, if Rfix) = x ri for 0 < i < d — 1, then we have 
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(7) 


x& q 



< (d — n 0 ) max{gcd(rj, 

i£L 


g~ 

d 


-)}V5- 


We note that the conditions Ri(0) = 0 for 0 < i < d — 1 in the above theorem 
are only used to normalize the polynomial in the proof. Moreover, a slightly looser 
upper bound (d — n 0 )ry/q instead of ( d - ,l o)J dr - 1 ) ^ j s presented in the result for the 
sake of simplicity. In fact, without the restrictions on the values of Ri(x) at 0, we 
still have the same bound as follows: 


( 8 ) 


x£F* 


g~ 1. 
d 


-n 0 


<(d- n 0 )r^/q, 


where the sum runs over all non-zero elements in F 9 . Therefore we obtain nontrivial 
bounds for polynomials defined by flHJ) if either each Ri(x) = x ri is a suitable mono¬ 
mial or each Ri(x) is a low degree polynomial. In Section El we prove our main 
results. As a consequence, index bounds of the number of solutions of a certain 
Artin-Schreier equation and minimum weights of some cyclic codes are derived in 
Section [3j 


2. Proof of theorems and some consequences 


We note that Theorem 11.11 is a corollary of the second part of Theorem 11.21 when 
d = I and all r^s are the same. Therefore it is enough to prove Theorem 1 1.21 Because 
of the equivalence of equations (Hj) and (jSJ), we prove the following equivalent result. 


Theorem 2.1. Let g(x) = \ X^=o Xq=o C J% x 3S f.fx^ 1 1)//d )i?j(a;) for some d\ (q — 1) 
and s = 2-A such that i?j(0) = 0 for 1 < i < d. Let f be a primitive d-th root of 
unity and no = d — \L\ where L = {0<i<d — 1 | fi(C) 7^ 0}- Let -0 : F g —>■ C* 
be a nontrivial additive character. If the degree r, of each nonzero polynomial R.j(x) 
satisfies that gcd (r i} p) = 1 for each i G L and r = max{rj | i G L}, then 


(9) 


~ C jn 0 

xew q 


<{d- n 0 )ry/q. 


Moreover, if Ri(x) = x ri for 0 < i < d — l, then we have 


^ 2 ^( 9 ( x )) 

X&g 



< (d — no ) max{gcd(rj, 

i£L 


q- 


-)V9- 


( 10 ) 


d 
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Proof. We recall 7 is a fixed primitive element of F g and f = yte -1 )/^ be a primitive d- 
th root of unity. Because d \ (q — 1), we must have gcd (d,p) = 1. For x G Q = 7 l C 0 , 
write x = 7 l y d for some y e F* and then g(x) = fi{C)Ri{l l y d )• Let = /*(£*). We 
have 


E | Wo 

xGF„ 


d -1 


W 1 + E <Mi(C)R*(iy d )) 


i =0 


y€Fi 


9 

7 n 0 
d 


< 


-,Y 1 + £ m(.cyuiV)) 


ieL 


2 /€FI 


Y (1 - 9 + E ’Hf.(C i )R.(Yv i )) 


i£L 




-E 

d^ 


i&L 


^{aiRiilV)) 

2 /GF, 


If all the degrees of polynomials Ri(x) are less than or equal to r, then the Weil 
bound implies Equation (J9]) . Indeed, because gcd(d 7 y,p) = 1 , we must have 


1 




«eL 


^2'if(a i R i ('j l y d )) 
ye F g 


< d d n ° ( dr ~ l )Vo. 


< (d- no)ry/q. 

Moreover, if Rifx) = x Ti for 0 < i < d — 1, then g[x) = fi(C)^ iri y dri . Moreover, if 
we replace y by y k such that gcd(drj, q — 1) = kdri + b(q — 1) and gcd(/c, q — 1 ) = 1 

S f ijj(y dri ) , we can reduce the degree of the monomial y dri in the 


in the sum 


sum to gcd(d?y, q — 1). Therefore, we obtain 


< 

< 

< 


-E 

rl /Z 




^2'i/j(a i R i (Yy d )) 


y&q 


~ d E (s cd ( rfr u q-l)-l)y/q 

i&L 

7 ~~ max{gcd(dr i , q - 1 ) - 1 }y/q 
d ieL 

q — 1 

( d - no) max{gcd(?y, ——)}y/q. 
ieL a 
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□ 


As a result, for any polynomial with index I and vanishing order r at 0 such that 
gcd(r, p) = 1 , if both i and gcd(r, ^-) are small, we obtain a nontrivial bound for its 
character sum. This provides a partial answer to Problem 1 because many of these 
polynomials have large degrees which give the trivial Weil bound. For example, let 
g{x ) = x 2(9 ~ 1)/3+1 _|_ a 4 '?“ 1 )/ 3 + 1 + x over with characteristic p > 3. Then the Weil 


bound gives the trivial result. However, we note that g(x 
and r — 1. By Theorem 11.11 we have XLgf '0G?( a; )) ~ it 


has index £ = 3, uq = 2, 
< Vi- 


Corollary 2.2. Let g(x) = x n + ax r G ¥ q [x] with a G F* and q — 1 > n > r > 1. 

Let Z = gcd (n—r,q—l) ’ t = S cd ( n > A 9 “ l )’ aTld U = S cd ( n ~ T ^)‘ Let ^ : ^ be 

a nontrivial additive character. If x n ~ r + a has a solution in the subset of all i-th 
roots of unity of¥ q , then 


(11) 

otherwise, 

( 12 ) 


5] + 


ax 


qu 


x&„ 


< (t - u)ty/q, 


y: if(x n + ax r ) 




< ttyjq. 


Proof. First we note that gcd(r, ^-) = gcd(r, gcd [n — r, q — 1)) = gcd (n, r, q — 1) = 
t. Let ( be a primitive £-th root of unity and n 0 = #{0 < i < £ — 1 | (C*) ri_r + a = 0}. 
By Theorem 11.11 we have 


(13) 




n 0 


x£F„ 


<(£- n 0 )t^/q. 


Suppose —a = for a fixed primitive element 7 . If Qri-n — then we have 
i(n — r)s = k (mod g — 1) where s = This linear congruence has a solution 
only if s \ k. In this case, it reduces to i(n—r ) = k/s (mod £) and thus i(n—r ) = k/s 
(mod £) has exactly u = gcd(n — r, £) solutions for i. Therefore, no = u if us \ k and 
no = 0 otherwise. Hence we obtain either 


(14) 


or 


(15) 


E 

zGF „ 


if{x n + ax r ) - 


v^(^ n + 


ax 


xGF„ 


<(£- u)ty/q, 


< ety/q. 
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□ 

We remark that x n ~ r + a has a solution in the subset of all l-t\i roots of unity 
of F g if and only if ( q ~p u | k where k = log 7 (— a) is the discrete logarithm of 
—a. Otherwise, we have the index bound for binomials x n + ax r . Because 

t = gcd(n, r,q — 1) can easily achieve 1, our bound for many binomials is essentially 
ly/q. We note that if l < ^fq — 1, then i < < n — 1 and thus our bound i^fq is 

better than the Weil bound (n — 1)^. 

3. Some applications 

In this section, we remark some applications of our index bound in counting the 
numbers of solutions of some algebraic curves and the minimum weights of some 
cyclic codes. Let g G ¥ q [x] be a polynomial and let N g ^ q m be the number of solutions 
(x,y) G F gm of an Artin-Schreier equation y q — y = g(x). Then 

( 16 ) N g ^ = ^2 Mg(x)), 

1pm xe¥ q m 

where the outer sum runs over all additive character ijj of ¥ q and ipm(x) = ^(Tr^x)), 
and Tr denotes the trace from F ? m to ¥ q . 

It is well known that if g has degree n with gcd(n,g) = 1, then the Weil bound 
gives 

(17) \N g , q ™ - q m \ < {n-l){q-l)q m /\ 

Improving the Weil bound for the Artin-Schreier curves has received a lot of recent 
attentions because of their applications in coding theory and computer sciences, see 
h a ra for more details. 

As a consequence of our earlier results with the assumption that g has an in¬ 
dex i and vanishing order r at 0 such that gcd(r, p) = 1, we obtain the following 
improvement in a different direction. 

Corollary 3.1. Let g e F g m[x] be a polynomial with index £ and vanishing order r 
at 0 such that gcd(r, p) = 1. Let n 0 be defined as in Theorem \1.1\ and N g ^ q m be the 
number of solutions ( x , y) G F^ m of an Artin-Schreier equation y q — y = g(x). Then 

n m — 1 

<(q-l)(£- n 0 ) gcd(r, —-— )q m/2 . 

In particular, we have the following corollary. 

Corollary 3.2. Let g(x) = x n + ax r G F g m[;r] such that gcd(r,p) = 1. Let i = 
gcd(n-r~^-i) an d t = gcd(n,r, q m — 1). Then the number of solutions N g:q m of the 
curve y q — y = x n + ax r satisfies 

(19) \N g , q m-q m \<(q-l)Uq m / 2 , 


(18) 


N, 




(9-1)9" 


-n 0 
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except the case when x n r + a has a root in the set of i-th roots of unity in ¥ q ™, 
which case, we have 


( 20 ) 


N. 


( q — 1 )q m gcd(n — r, t) 


g,q" 


< (q- 1){£- l)tq m ' 2 , 


in 


We note that x n r + a has a root in the set of Oth roots of unity in F g m if and 
only if -ds cd(n-r,e) | ^ w ^ iere p _ i 0 g^(— a) is the discrete logarithm of —a. 

Finally we comment on some applications on cyclic codes. Let C be a cyclic 
code of length N over F g with gcd (N,q) = 1. Let F g m be the splitting held of the 
polynomial x N — 1 over F g and Tr be the trace function from F g m to ¥ q . Let (3 be 
a primitive TV-th root of unity. Fix a subset J of the set {0,1,..., N — 1} and let 
h(x) = Yijej m /3 j ( x ) be the generator polynomial of C -1 , the orthogonal code of C, 
where mjx) is the minimal polynomial of 7 in F ? m. Then C consists of the words 

JV-l 

c a{x) = Tr (9a{p l ))x\ 
i =0 

where g a {x) = J2jeJ a i x '' an b a = ( a j)jeJ £ (F g m)“ with u — |J|. Here J is called 
/3-check set. The weight w(a) of c a (x) is given by N — z(a), with z(a) = | 0 < 

i < N — 1 ,Tr(g a (f3 1 )) = 0}. Let N] be the number of solutions x e F g m of the 
equation Tr(g(x )) = 0 and let N 2 be the number of solutions (x,y) G F^ m of the 
equation y q — y = g(x), where g(x) G F g m[x]. It is clear that N- 2 = qN[. Using 
the classical Wcil-Serre bound, Wolfmann m provided some general bounds for the 
mininum weights of some cyclic codes. Here we can similarly give an index bound 
for the minimum weights of some of these cyclic codes. 

Let k be the integer such that Nk = q m — 1. The set of all 7V-th roots of unity 
over F g is also the set of k -powers of F* m . Therefore z(a) is the number of x k in F* ra 
such that Tr(g a (x k )) = 0. Consider E k = {x E F* m | Tr(g a (x k )) = 0}. Obviously 
E k is the union of z(a) distinct classes modulo G k , where G k is the subgroup of 
F* m of order k. Hence \E k \ = kz(a) = k(N — w(a )) = q m — 1 — kw(a). Let 
N 3 be the number of solutions x G F g m of the equation Tr(g a (x k )) = 0. Then 
N 3 = \E k \ = q m — 1 — kw(a ) if Tr(g a (0)) 7 ^ 0 and N 3 = \E k \ + 1 = q m — kw(a) if 
Tr(g a (0)) = 0. Combining the above discussions with Equation (fT5]h we obtain 

Corollary 3.3. Let F g m be the splitting field of the polynomial x N — 1 over F g with 
Nk = q m — 1 and f3 a primitive N-th root of unity over F g . Let C be a cyclic code of 
length N over F g with J as (3-check set. Let f be a primitive i-th root of unity. If each 
nonzero member of J is prime to q and g a (x k ) = ajX kq = x r fjx'' qm ~ 1 ^ e ) + b 

has index I and vanishing order r at 0. Let n 0 = jf{ 0 < i < £ — 1 | f a {C) — 0}- 
(a) If 0 G J and Tr(b) = 0, then the weight w(a) of cjx) satisfies 

(g-l)(£-n 0 )gcd(r,^) m/2 
kq q ‘ 


w(a) — 


~ t m—l 


+ 


(q -1 )q 


. 771—1 


n 0 


k£ 
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(b) If either 0 qL J or 0 G J and Tr(b ) ^ 0 then the weight w(a ) of c a (x) satisfies 


~m— 1 


w [a 


+ 


(q - i )q 


. 771—1 


no 


ki 


^ (g-l)(^-n 0 )gcd(r,^i) m/2 


Therefore, if k ■ J = {r, r + q ,..., r + h- 1 )!? - 1 ) } suc ^ th a t 0 < r < q ff 1 
and each member of J is relatively prime to q, we can estimate an lower bound the 
minimum weight of the corresponding cyclic code. Because 1 < no < I — 1 for all 
nonzero codewords g a {x), we therefore obtain the weight of c a (x) is at least 

i \ ^ q m ~ q m ~ X - 1 (q~ 1 )q m ~ 1 n 0 (q -1)(£- n 0 ) gcd(r, m/2 

~ k ki kq q 

> q m - q m - 1 - 1 _ (q~l)q m -\I-l) _ (g-l)(^-l)gcd(r,^) m/2 

~ k M kq Q 

> (g - 1 )q m ~ 1 _ (q-l)(e-l)gcd(r,£jl) m/2 _ 1 

~ k£ kq q k 

Therefore the minimum weights of these cyclic codes are quite large when m is large. 
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